BAULKHAM HILLS

2019 | HIGHER SCHOOL CERTIFICATE TRIAL EXAMINATION

Mathematics Extension 2

General + Reading time — 5 minutes
Instructions + Working time — 3 hours

+ Write using black or blue pen, black is preferred

+ Calculators approved by NESA may be used

+ A reference sheet is provided at the back of this paper

+ In Questions 11 — 16, show relevant mathematical reasoning
and/or calculations

Total marks: Section | — 10 marks (pages 2 — 7)
100 + Attempt Questions 1 — 10
+ Allow about 15 minutes for this section

Section Il = 90 marks (pages 8 — 17)
+ Attempt Questions 11 — 16
+ Allow about 2 hours and 45 minutes for this section



Section |

10 marks

Attempt Questions 1 — 10

Allow about 15 minutes for this section

Use the multiple-choice answer page in the writing booklet for Questions 1 — 10.

1 What is the value of i%° ?

2 Which of the equations below best represents the following graph?

YA

o
=Y

A |xly=1
B. x|y|=1
C. |xy|=1

D. x?y*=1



What are the equations of the asymptotes of the hyperbola 4x? —25y2 =1007?
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N 1+i . . .
Multiplying a non-zero complex number by i results in a rotation about the origin
-1

on an Argand diagram. What is the rotation?

A. Clockwise by % radians
. T .
B. Clockwise by " radians
C. Anticlockwise by % radians

D. Anticlockwise by % radians

The polynomial equation x* —3x*—x+2=0 has roots «, 4 and y . Which of the
following polynomial equations has roots 2a+ f+y, a+2f+y and aa+ f+2y?

A xX3-6x>-2x+4=0
B. x+6x2+8x-1=0
C. x3+12x*>—-44x+49=0

D. x3-12x*+44x—-49=0



The motion of a particle undergoing simple harmonic motion is oscillatory, of which
the amplitude of the motion remains constant.

However, in many real-world applications, oscillatory motions are often dampened
out of necessity. The motion of a particle undergoing dampened harmonic motion is
still oscillatory, but the amplitude of its motion reduces over time.

One such motion can be modelled by the equation:
x=e""" cos(mt)

where y and @ are positive constants, and x is the displacement of the particle from
the centre of its oscillatory motion over time t.

Which of the following graphs best describes this model?

A B.

TA TA




7 Which diagram best represents the solutions to the equation arg(z)=arg(z+2+2i)?

A B.

YA YA

YA YA

H‘F
S |

g /

8  Itisgiventhat 3+i isaroot of P(z)=z*+az’+bz+10 where a and b are real

numbers. Which of the following expressions for P(z) is correct?

A. P(z)=(z-1)(2*+62-10)
B. P(z)=(z-1)(2*-62-10)
C. P(z)=(z+1)(2* +62+10)

(2)=(z+1)( )



2

9 The region enclosed by the ellipse (x—l)2 +y7 =1 is rotated about the y-axis to

form a solid.
A 0 Y
-1 =1
of -1+
—q 1 P %
i2_

Which integral represents the volume of the solid formed?

A. j: \J4—yidy

-2
2

B. j zA1-y2dy

-2
2

C. I 274 — y2dy
=2

2

D. J. 27m41- y2dy
)



10

Two light inextensible strings PQ and QR each of length ¢ are attached to a particle
of mass m at Q. The other ends P and R are fixed to two points in a vertical line such
that P is at a distance ¢ above R. The particle moves in a horizontal circle with
constant angular velocity @ such that both strings remain taut.

Taking g m/s? as the acceleration due to gravity, what are the tensions in the

strings?

A T, =%(m2 +2g) and T, :%(sz—Zg)
B. T, —%(mz ~2g) and T, _%(mz +29)
C. T,= m(£w2 +Zg) and T, = m(£w2 —Zg)
D. T,= m(£w2 —Zg) and T, = m(£w2 +29)

End of Section |



Section 11

90 marks
Attempt Questions 11 — 16
Allow about 2 hours and 45 minutes for this section

Answer each question in the appropriate section of the writing booklet. Extra writing paper is

available.

In Questions 11 — 16, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use the Question 11 section of the writing booklet.

(@) Given z=3+i and w=1-2i, express 2 in x+iy form, where x and y are real
w

numbers.

(b) (i) Write J3+iin modulus-argument form.
(i)  Find the smallest positive integer n such that (\/§+ i)n is a real number.

4 ax+b c
= +

C i) Find real numbers a, b and ¢ such that = )
© O x*(2-x)  x*  2-x

(i) Hence, or otherwise, find J‘%dx.
X“(2-X

(d) Find j

dx
Ji—ax—x2

z dx X
(e) Evaluate I —— using the substitution t = tan—.
5 2+COSX 2

End of Question 11

N



Question 12 (15 marks) Use the Question 12 section of the writing booklet.

(@) The equation x°+x*+2=0 has roots a, # and .

Rt

)
(i)
(iii)

(b) (1)

(ii)

Show that a? + g2 + % =1.
Evaluate o® + 5% +5°.

Evaluate o* + g% +»*.

Sketch the region on the Argand diagram where the following inequalities
hold simultaneously.

lz-1<+2 and OSarg(z+i)£%

Let w be the complex number of minimum modulus satisfying the inequalities
in part (i). Express w in the form x+iy, where x and y are real number.

(c) How many thirteen-letter arrangements can be made using the letters of the word
BAULKHAMHILLS if:

()
(i)
(iii)

there are no restrictions?
all seven of the repeated letters are grouped together in no particular order?

the vowels appear in alphabetical order but are separated by at least one
consonant?

End of Question 12



Question 13 (15 marks) Use the Question 13 section of the writing booklet.

(@ Aand B are two points on a circle. Tangents at A and B meet at C. A third tangent 2
on the minor arc AB cuts CA and CB at P and Q respectively, as shown in the
diagram below.

Copy the diagram into your writing booklet and show that the perimeter of ACPQ
is independent of PQ.

(b) The region between the curves y = L y= 1 , the y-axis and the line x=2 is

X+1' X—5
rotated about the line X =2 to form a solid.

(i) Using the method of cylindrical shells, show that the volume of a typical 2
shell of thickness AX is given by AV :127{2)(;2)&.
X —4x-5
(i) Hence, or otherwise, find the exact volume of the resulting solid. 3

Question 13 continues on the next page

-10 -



Question 13 (continued)

(c) ThepointT (ct,%) lies on the hyperbola xy = c?. The tangent at T meets the x-axis

at P and the y-axis at Q. The normal at T meets the line y=x atR.

You may assume that the tangent at T has equation x+t?y =2ct (Do NOT prove this.)

(i) Find the coordinates of P and Q.

(if) Find the equation of the normal at T.

(iii)  Show that the x-coordinate of R is %(t2 +1).

(iv) Prove that APQR is isosceles.

End of Question 13

-11-



Question 14 (15 marks) Use the Question 14 section of the writing booklet.

(a) The diagram shows the graph of y = f (x).

y A
2
5 5 }
y=fx)
4

Draw sketches of the graphs of the following on separate number planes:

(b) A particle of mass m kilograms is projected vertically upwards through a medium under
the influence of gravity with an initial velocity of U m/s. In this medium, the particle
experiences a resistive force of mkv newtons, where K is a positive constant and v is the

particle’s velocity in m/s. The acceleration due to gravity for this motion is g m/s?.

It is known that the particle reaches its greatest height H metres in T seconds.

(i) Showthathlln(ngkU]. 2
k g
.. dx Vv . s .
(i) Show that —=— , Where x is the particle’s displacement from its 1
dv g+kv

point of projection in metres.

(iii) Hence, or otherwise, show that U =kH + gT . 2

Question 14 continues on the next page

12 -



Question 14 (continued)

(c) A sandstone cap on the corner of a fence is show below. The solid is formed by

intersecting two parabolic cylinders (a prism with uniform parabolic cross-sections).

On the front face, the equation of the parabola is y =4—x?.

Slices parallel to the base of the solid are in the shape of a square with four smaller
squares removed, one from each corner. The shape of a typical horizontal slice at
height y is also shown below.

Sandstone cap Shape of a typical slice

(i) Show that the area of a typical slice is 16 — 4 x (2 —J4- y)2 square units.

(i) Hence find the volume of the sandstone cap.

End of Question 14

—-13 -
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Question 15 (15 marks) Use the Question 15 section of the writing booklet.

(@) A 5000 kg truck is travelling around a circular portion of road of radius 500 metres. This
portion of the road is banked at an angle of 2° to the horizontal. A cross-section of the

road is shown in the diagram below. (Take g to be 10 m/s?.)

N

radius = 500 m

(i) By resolving forces, determine the speed at which the truck must negotiate this 2
circular portion of road such that the truck experiences no sideways friction.

(it) If the truck travels around this circular portion of road at a speed of 72 km/h, 3
how much sideways friction (in newtons) is exerted on the tyres of the truck?

N

radius = 500 m

(b) (i) Show that tan(A+%j:—cotA. 1

(ii) Use mathematical induction to prove that tan [(Zn +1)%} =(-1)" forall 3

integers n>1.

Question 15 continues on the next page

—14 -



Question 15 (continued)

Xn

dx, where nis an integer and n>0.

1
(c) Letl,=
;[ X+1

(i) Show that 1,=2v2-2.

1
(i) Showthat I, +1 = j X" x+1dx.
0

(iii) Use integration by parts to show that I, = % where n is an integer
n+
and n>1.
1 XZ
(iv) Hence, or otherwise, evaluate I dx.
o VX+1

End of Question 15

- 15 -



Question 16 (15 marks) Use the Question 16 section of the writing booklet.

(@) On the Argand diagram below, the complex numbers z and w are represented by the

points K and M respectively. It is given that AOKL is isosceles with #OKL :2?7[ as

shown, and AOLM is equilateral. All angles are measured in radians.

y A
M(w)

=Y

O

(i) Show that LMOK:%.
(i) Show that [OL|=+/3x[2].

(iii) Hence show that 3z% +w? =0.

Question 16 continues on the next page

—-16 -



Question 16 (continued)

(b) The curve below represents y = f (x), which is continuous and differentiable in the
domain a<x<b.

).‘J\
> X
0
b d 2
The length of this curve, L, from x=a to x=b isgivenby L :J 1+(d_yj dx
X
a
: 1 X -X
Now consider the curve y:E(e +e )
X —X 2
_ _ dy 2 (e +e )
(i) Show that, for this curve, 1+| — | =——— . 2
dx 4
(ii) Hence calculate the exact length of this curve from x=0 to x=1. 2

(c) A polynomial of degree n is given by P(x)=x"+ px—q. Itis given that the polynomial
has a double rootat x=« .

(i) Showthat o"*=-2 2
n
n n-1
(i) Show that (BJ +(LJ —0. 3
n n-1
(iii) Hence, or otherwise, deduce that the double root is (qn 1) :
p(n-

End of Paper
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BAULKHAM HILLS

YEAR 12 TRIAL EXAMINATION 2019
MATHEMATICS EXTENSION 2
MARKING GUIDELINES

Section |

Multiple-choice Answer Key

Question Answer Question Answer
1 B 6 A
2 B 7 D
3 A 8 D
4 C 9 C
5 D 10 A

Questions 1 - 10

Sample solution

1. 2019 :(i4)504><i3
— 1504 ™ (—I)
=—i
2. The given graph is the portion of graph xy =1 above the x-axis as well as its reflection in the x-axis, so replace y in the

equation with | y|. The equation of the given graph is therefore x|y|=1

3. 4x% —25y? =100 a?=25 = a=5
x* Y L b>’=4 = b=2

% 4

Asmyptotes are y = igx, iey= i%x
a

1ai «/E(cis;j Multiplying by ii is therefore equivalent to multiplying by cis%, which causes an
+i —I
1-i

\/Ecis(—jj anticlockwise rotation by % radians.

5. For the new polynomial,
dYa=(2a+p+y)+(a+2B+y)+(a+p+2y)
=da+4p+4y
=4(a+p+y)
=4x3
=12
Only option D satisfies this property.

6. ~1<cos(wt) <1
—e "' <e cos(wt)<e™”

When t=0, e°cos0=1
Option A satisfies both of these properties.




Sample solution

7. arg(z)=arg(z+2+2i)

arg(z) =arg[ z—(-2-2i)]

Critical points are therefore z=0 and z=-2-2i.

Option D is the best representation of the solutions to the equation arg(z) =arg(z+2+2i)

8. Since a and b are real numbers, and 3+i is aroot of P(z), therefore 3—i must also be a root of P(z).

Therefore, [ 2—(3+i)][ z—(3-i)] is a factor of P(z).

[2-(3+i)][z-(3-i)]=(z-3-i)(z-3+i)

=(z-3)" -
=2 -62+9—(-1)
=272-6z+10
9. YA 9 yg 2 y2
o (x—1) +T =1 (x-1) +T:1
y
1 _r
_ 2
T T .rr T

AV :;z(xzz—xlz)Ay y?
\ . . _AI)!TOZ4” 1——Ay
=r||1+ DA 1- Y Ay y?
4 4 = j47r 1-2dy
% 4

_ y (N
=7m|2%x2 1_TJAy :.[22” 4_y2dy

y
=4r,[1-—
4 Yy
10. Resolving vertically:
T,co0s8-T,cosd-mg =0
mg

T,-T,=
Y
T,-T,=2mg

Resolving horizontally:

. . T,sin0+T,sin0 = mre’
APQR is equilateral, .. cos@ = cos60° == ! Tl @

2
r T, 4T, =
sing=" sing
‘ =mla’
Solving simultaneously,
2 2
T, - mlw 2+2mg T, = m/w ; 2mg

=g(£a)z+29) =%(£a)2—29)




Section 11
Question 11

Sample solution

Suggested marking criteria

() 5z 5(3+i) e 2 — correct solution
S 1-2i e 1 — realises the denominator
_15+5i
1-2i
_ (15+5i)(1+2i)
(1-2i)(1+2i)
_ 15+30i +5i +10i°
2 —(2i)
_ 5+35i
5
=1+7i
b i 2 — correct solution
0 AlisadsZ * »
6 e 1 — correct modulus
— correct argument (not
necessarily principal
argument)
(i) n e 1 — correct solution
(\/§+ i)n = (st—j
_ o cis %
6
This is a real number if the argument is an integer multiple of 7, the smallest
positive integer n such that this happensis n=6.
© | ® 4 _ax+b ¢ e 2 — correct solution
x*(2-x)  x*  2-x o 1 - correctly finds two of the
4 z(ax+b)(2—x)+cx2 three coefficients
4 =2ax—ax® +2b —bx + cx?
4=(c-a)x’*+(2a-b)x+2b
Comparing coefficients:
2b=4 2a-b=0 c-a=0
b=2 2a-2=0 c-1=0
2a=2 c=1
a=1
(ii) J- 4 X2, 1 e 3 - correct solution
x*(2-x) X2 - X e 2 — correctly integrates two
1 1 of the three integrals
= j—+ 272 ———dx listed below, or
X , 2-Xx equivalent merit
=Inx-=-In(2-x)+c o 1 — correctly integrates one
X of the three integrals
X2, (%.2x7% or 512), or
-X X

equivalent merit




Question 11 (continued)

Sample solution

Suggested marking criteria

e 2 — correct solution

e 1 — attempts to complete the
square and reduces the
integral to a “standard”
integral

(d) .[ dx :J- dx
J1-4x—x2 \/—(x2+4x—l)
:IL
-[(x+2)" 5]
:j dx
J5-(x+2)
=sinl[—x+2j+c
J5
(e) t=tan—
dt 1 ,x When x =
— =Zse
dx 2 2 x
2
:1(1+tan25j I d
2 2 02+cos
14t
2
a2
dt 1+t2

e 3 — correct solution

e 2 — applies the substitution to
express the integral in
terms of t

e 1 — applies the substitution to
partially change the
integral to an integral in
terms of t




Question 12

Sample solution

Suggested marking criteria

@ | >Ya=-1 e 2 — correct solution
S ap=0 e 1—finds ) &
2
2o’ =(Xa) -2) ap
=(-1)*-2x0
=1
(i) o, pandy arerootsof x*+x*>+2=0 e 2 — correct solution
Pra? 1220 e 1 — forms an expression
. B involving >"a* and
p 3+ ,6’2 +2=0 Zaz
Y’ +y +2=0+
(a3 +,B3+73)+(a2 + P +;/2)+6=0
(a3 + 2 +y3)+1+6=0
A+ p+yi=-7
(iii) at+a®+2a=0 e 2 — correct solution
B4 R 42a=0 e 1 — forms an expression
- I - 3 2
P e2a =0 + involving > a°, > a
(a4+ﬂ4+;/4)+(a3+ﬂ3+y3)+2(a+ﬁ+;f):0 and >
(a4 +p +;/4)+(—7)+2x(—1) =0
a'+ B+t =9
(b) | (@) e 3 — correct region
e 2 — correct boundary
e 1 — correctly sketches one of
the two regions of the
given inequalities
(i) For wto lie in the region in part (i) and be of minimum modulus, w must be in | e 1 — correct answer

the position as shown below:

. . 1 1.
By inspection, w=——-=1.
VALY 5 5




Question 12 (continued)

Sample solution

Suggested marking criteria

(©

i ! 1 - correct answer
O 130 59459200 ways * W
212131
i I . . 2 — correct solution
(i) There are ways of arranging the seven repeated letter, then treating * u
212131 e 1 — correctly arranges the
this as a group, there are 7! ways of arranging this group of repeated letter repeated letters
and the 6 remaining letters.
Therefore, there are 2|2'|3| x71=1058400 different arrangements.
(iif)  Letv be a vowel and ¢ be a consonant of the word BAULKHAMMHILLS, start | e 2 — correct solution

with a string of the nine consonants, like so:

With this string of consonants, there are ten spaces, choose any four of them
to insert the vowels A, A, 1 and U in that order.

Taking into account the number of possible arrangements of the consonants,

[
this can be done in 2?_:;ux 19C, = 6350400 ways.

e 1 — considers some of the
valid cases

— progress towards solution
using valid reasoning




Question 13

Sample solution

Suggested marking criteria

(@) A e 2 — correct proof
P e 1 — one correct circle
‘ geometry reasoning
( towards the correct proof
0
B
Let X be the point of contact of the third tangent.
CA=CB (tangents from an external point are equal in length)
PA=PX (tangents from an external point are equal in Iength)
QB =0QX (tangents from an external point are equal in Iength)
The perimeter of ACPQ =CP +PQ+CQ
=CP+(PX +QX)+CQ
=(CP+PA)+(QB+CQ) (since PX = PA and QX =QB)
= CA+CB, which is independent of PQ.
b i 2 — correct solution
® |0 AV =27 (2-X) B AX * i .
Xx+1 x-5 ¢ 1 — finds a correct expression
for AV
X—-5—(x+1
=27(2-x) (x+1) AX
(x+1)(x-5)
= 27r(2—x)( > -6 )Ax
X°—4x-5
= 127{ 5 X=2 jA
X*—4x-5
i _ _ .
(i) AV :127[( : X—2 )Ax e 3 — correct sotuttnn
X°—4x-5 e 2 — correct primitive
x—2 e 1 — establishes correct
- AIX'TO 212 (x _4X_5JAX sum of infinitesimals
2
= 12;{ X2 j
0 X —4x-5
2 2x—4
267[‘[( > Jd
o\ X —4x-5
= 67Z'|:|n‘X2 —4x—5H
=67(In|-9|-In|-5))
= 67rln% cubic units
(©) | () Thetangentat T has equation x+t%y = 2ct. * 2 — correct solution

When y=0,x=2ct, .. P =(2ct,0)

When x = 0y—2tC '.Qz[O,%)

e 1 — correctly finds P or Q




Question 13 (continued)

Sample solution

Suggested marking criteria

(©

(ii) xy =c? Equation of normal at T: e 2 — correct solution
_ﬁ y—E:tz (x—ct) e 1 — correct gradient for the
y= t normal
X
dy —c? y—Sot2x—ct?
— = _2 t
dx x 3 .
ty—c=tx—ct
ACT et —c=t3x—ty
dy o2 t3x—ty=c(t4 —l)
dx  (ct)’
1
e
(iii) Bx—ty = c(t“ _1) e 2 — correct solution
5 ) 5 e 1 — attempts to use
Ux-tx= C(t +1)(t _1) simultaneous equations to
xt(t2 _1) _ c(t2 +1)(t2 _1) find the x-coordinate of R
xt = (:(t2 +1)
Cl.2
X=—(t"+1
((1+1)
(iv) 2 2 e 2 — correct solution
c c
2 2
dPR = |:Y(t +1)—2Ct:| +|:?(t +1):| e 1 — finds dPR or dQR
2 2 — establishes T as the
=\/(ct+£—20t] J{CHEJ midpoint of PQ
t t — calculates the gradient of
o\ o\ PQ or QR
= (—ct+—j +(ct+—j
t t
2 2
= \/cztz —2¢? +C—2+c2t2 +2¢? +C—2
t t
2¢?
2.2
= 2C t +t_2
c 2 Te 2c T
2 2
dor = ?(t +1)} +{?(t +1)_T}

¢\ ¢ 2V
ct+—| +|ct+=———

) (et

¢V ¢y
ct+_j +[ct__j

t t

Il |

2,2 2 c? 2,2 2 c?
=,[Ct+2¢" +—+CM° -2¢" +—
t t
2c?
= 2C2t2+—2
t

Since dpz =dor, APQR is isosceles.




Question 14

Sample solution

Suggested marking criteria

(@)

(i)

e 2 — correct solution

¢ 1 — significant progress
towards solution

(i)

e 2 — correct solution

e 1 — correctly identifies the
turning points

(iii)

e 2 — correct solution
o 1 - sketches y* = f (x)

— sketches y =,/-f ()
— sketches y =—/-f ()

— correctly positions the
graph of y? = f(x) but
missing important
features, or equivalent
merit

(b)

(i) resultant force
mkv | | mg
ma

ma = —mg — mkv

a=—(g+kv)

dv

— = k

" (g+kv)

da_ 1

dv g-+kv

T 0

jdt:j— v

5 0 g+kv
U

T:EJ‘ k dv
kg g+kv

=%[In(g+ku)—ln 9]

:lln(gmu)
k 9

e 2 — correct solution

e 1 — correctly integrates
1

_g+kv




Question 14 (continued)

Sample solution

Suggested marking criteria

(b)

(i) —(g+kv) e 1 — correct solution
dv
v—=—(g+kv
dx (g )
dv_ g+kv
dx v
ax v
dv g-+kv
(iii) dax v e 2 — correct solution
dv g-+kv e 1 — correctly integrates
H 0 v
dx = dv -
+kv
! lJJ. g+kv 9
_yj kv
kg g+kv
1lj[g+kv 94
kg g+kv
U
_EJ']_
kg g+kv
-
kg k g+kv
U
:E[v g+kv}
k 0
1 g
~2u-8 +kU =In
k{[ (9 )} [ k g}}
_1 U- g+kU
k
1
==—(U-gT
(U-aT)
kH =U —gT

U=kH +gT




Question 14 (continued)

Sample solution

Suggested marking criteria

© | @®

Area of slice = 4> —4x(2- x)2

~16-4x(2-a-y)’

e 1 — correct solution

O av = a2 —ax(2-Ja=y ) ay

<
|
=
L3
M-

] Ot N O%—=—h O N O—=3p O——h O3

3
16(4-vy)2
(4-y)2 +2y?
(3
3)

3
32(4-y)2
(Sy) .

3
32x42 J

=| -16y+

=| ~16y - y?

= (—64+32)+(

= 53% cubic units

(—16+16 4-y +4y)dy

{16—4X(Z—M)2}Ay
:16—4x(2—\/H)1dy

16-4x(4-4a=y +4-y)|dy

:16—4x(8—4\/H—y)de

(16—32+16 4—y+4y)dy

(—16+16(4— y)% +4yj dy

4

e 3 — correct solution
e 2 — correct primitive
e 1 — correct integral




Question 15

Sample solution

Suggested marking criteria

@ | (@ N

radius = 500 m

7o mg

Resolving forces vertically:
N cos2°—mg =0
N cos 2° = 50000

Resolving forces horizontally:
2

Nsin2°  10v?
N cos2° 50000
2
5000
v =+/5000tan 2°

tan2° =

N sin 20 = M =13.21m/s (2dp.)
r
2
Nsin2° = S000v
500
=10v?
(i) N

e 2 — correct solution

e 1 — resolves the forces
vertically and
horizontally, or
equivalent merit

radius = 500 m

70 mg

Resolving forces vertically:
Ncos2°—Fsin2°-mg =0
N cos2°— F sin 2° = 50000

Eliminating Nsin2°cos2°:
N sin 2°cos 2° — F sin? 2° = 50000sin 2°
N sin 2°¢cos 2° + F cos? 2° = 4000 cos 2°

Resolving forces horizontally:

2
Nsin2°+FcosZ°=m—v

r

Nsin2°+ Fcos2° =
500

F cos? 2° + F sin? 2° = 4000 c0s 2° —
F=2252.6N (1d.p.)

50000sin 2°

5000 x 20°

e 3 — correct solution

e 2 — resolves forces vertically
and horizontally, or
equivalent merit

e 1 — resolves forces in one
direction

®d) | i
® tan(A+£j:cot{£—(A+£H
2 2 2
= oot

cot(—A)

_ 1
tan (—A)
1

~ —tan
=—CcotA

= A (tan x is an odd function))

e 1 — correct solution




Question 15 (continued)

Sample solution

Suggested marking criteria

(b)

(i)

Let S(n) be the statement that tan [(Zn +1)%} = (—1)n .

Show S (1) is true:

LHS = tan [37”) RHS = (-1)"

——tanZ =-1
4

=-1
Since LHS=RHS, .. S(1) is true.

Assume S (k) is true: i.e. tan[(Zk +1)%}=(—1)k

Prove that S(k+1) is true: i.e. tan [(2k+3)%} :(—1)k+l

LHS = tan | (2k +3)ﬂ

=tan | (2 +1)%+2xﬂ

=tan| (2k +1)%+%}

= —cot[(Zk +1)%}

1

tan [(Zk +1)ﬂ

~.S(k+1) istrue if S(k) is assumed true.

Since S (1) is proven true, then by the principle of mathematical induction,
S(n) is true for all integers n>1.

e 3 — correct solution

e 2 — uses the inductive
hypothesis to attempt to
prove the result
inductively

e 1 — showing the result to be
true for n=1




Question 15 (continued)

Sample solution

Suggested marking criteria

© @ I—Jl‘ 1 i e 1 — correct solution
° b VX+1
1
=j(x+1)2dx
0
1
~[2(ce2]
1
=2x22-2
=22-2
(i) | Loyn1 ; .1[ X" ; e 1 — correct solution
L+l = X+ X
e o VX+1 o VX+1
Xn—l Xn
= + dx
X+1 x+1
n-1 n
X

Otk O O O

>
=]
AN

—~

H

+

<

SN

o

(iii)  Using integration by parts,

n

1
Lo+l = X"VX+1 _Jl- X dx
e Nl s2ndx+l

1 n
:ﬁ_ij X dx
n o 2ny+/x+1
V2 1
n 2n"
1. 2
o+, ==
2n n
In(l+2ij=£— et
n n
I,(2n+1)=2v2-2nl
| _2V2-2nl,,

" 2n+1

du = dx
2Vx+1
dv = x"dx

e 2 — correct solution

e 1 — attempts to use
integration by parts
towards the required
result




Question 15 (continued)

Sample solution

Suggested marking criteria

(©

(iv)

12
I X dx=1,
o VX+1

_22-4y,

5

23— dx zﬁ—zloj

3

242 —4x

5
_2\/5—2x(2«/§—2):l

3

5

zﬁ_4x"2f2—4ﬁ+4}

3

_2\/5—4><—4_2\/§:|

5

3

5

_6x/§—4><(4—2\/§)

15

 642-16+8V2
15

144216

15

e 2 — correct solution

e 1 — one correct application
of the reduction formula

— finds I,




Question 16

Sample solution

Suggested marking criteria

@ [ A
M(w)

wlN
w|§’

6 K(z)

0

In AOKL,

4KOL+4KOL+2?”:7Z

2/KOL =

/KOL =

oy w|y

/MOK = ZMOL + ZKOL

=V

/KOL = ZKLO (angles opposite equal sides of a triangle are equal)
ZKOL + ZKLO + ZOKL = 7 (angle sum of AOKL is 7 radians)

In AOML, ZMOL =% (angles in an equilateral triangle)

e 1 — correct solution

T
= —+4—
3 6
-
2
(i) yA Since AOKL is isosceles, by e 2 — correct solution
Vo symmetry, if KN is an altitude of | 4 1 _ ses trigonometry to
M(w) the triangle, attempt to show the
, N bisect OL and ZOKN =%. required result
N sin = —‘ON‘
3 JoK]
3 1
ko, g™
0 x 2 |z|
oL
&




Question 16 (continued)

Sample solution

Suggested marking criteria

(@)

(iii) m

M(w)

K(2)

-

0

Suppose OP is the vector in the direction of OK with length equal to OL .
Since ‘ﬁ‘:ﬁx| z|, therefore ‘Cﬁ‘:«/éﬂ z|,ie. OP=+3x0K .

OM =iOP
OM =i/3x0K
w=iy3xz

w? =377

322+wW? =0

e 2 — correct solution
e 1 — expresses w in terms of z

(b)

(I) yzé(ex+e—x)
d 1y
G

1+(%T =1+E(eX -e* )2}

e 2 — correct solution

e 1 — finds g—y
X

e 2 — correct solution
e 1 — correct integration




Question 16 (continued)

Sample solution

Suggested marking criteria

e 2 — correct solution
e 1 - finds P'(a)

© | P(x)=x"+px—q
P'(x)=nx""+p

P'(a)=0
na"t+p=0

na"t=-p

at=_P

n
(ii) P'(a)=0
na"*+p=0
na" + pa=0

P(x)=x"+px-q

P(a)=0
a"+pa-q=0
a"+pa=q

Solving simultaneously:
(a" + pa)—(na” + pa) =q
a"-na"=q

a"(1-n)=q

e 3 — correct solution

e 2 — substitutes « , a" or
a" into an appropriate
expression / equation and

attempts to simply
e 1-uses P(a)=0

— finds « or "

(iii) o

e 1 — correct solution
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